We obtain new explicit exponential stability conditions for the linear scalar neutral equation with two bounded delaysẋ(t) − a(t)ẋ(g(t)) + b(t)x(h(t)) = 0, where 0 ≤ a(t) ≤ A 0 < 1, 0 < b 0 ≤ b(t) ≤ B, using the Bohl-Perron theorem and a transformation of the neutral equation into a differential equation with an infinite number of delays. The results are applied to the neutral logistic equation.
Introduction
Many applied problems lead to neutral differential equations as their mathematical models, for example, a model of a controlled motion of a rigid body, a distributed network (a long line with tunnel diodes), models of infection diseases, a price model in economic dynamics, see, for example, [3, 14, 15] . Though neutral delay differential equations describe important applied models, from mechanics to disease spread in epidemiology, compared to other classes of equations, stability theory for neutral equations with variable coefficients and delays is not sufficiently developed. In particular, there are no explicit stability results for general linear equations but only for particular classes of neutral equations, see [7, 8, 10, 11, 16] and references therein.
The aim of the present paper is to obtain stability conditions for the equatioṅ x(t) − a(t)ẋ(g(t)) = −b(t)x(h(t)) (1.1) which depend on both delays. To this end, we transform (1.1) into a linear delay differential equation with an infinite number of delays. This method has not been applied before to stability problems, but used to study oscillation in [4] .
As an application, we give local asymptotic stability tests for the logistic neutral equatioṅ
where ρ > 0 corresponds to higher resources consumption by a shrinking population. The model
which is an autonomous version of (1.2), was studied in [9, 13, 17] .
Preliminaries
We consider scalar delay differential equation (1.1) under the following conditions: (a1) a, b, g, h are Lebesgue measurable, a and b are essentially bounded on [0, ∞) functions;
for all t ≥ t 0 ≥ 0 and some fixed t 0 ≥ 0; (a3) mes E = 0 =⇒ mes g −1 (E) = 0, where mes E is the Lebesgue measure of the set E; (a4) 0 ≤ t − g(t) ≤ σ, 0 ≤ t − h(t) ≤ τ for t ≥ t 0 and some σ > 0, τ > 0 and t 0 ≥ 0.
Along with (1.1), we consider for each t 0 ≥ 0 an initial value probleṁ 
is called the fundamental function of equation (1.1). We assume X(t, s) = 0 for 0 ≤ t < s. We will say that equation ( is the identity operator. Define an operator on the space
Note that there exists a unique solution of problem (2.1), and it can be presented as
where
Existence of an exponential estimate for the fundamental function is equivalent [2] to the exponential stability for equations with bounded delays. The following result is usually referred to as the Bohl-Perron principle. Lemma 1. [2, Theorem 4.7.1] Assume that the solution of the probleṁ
is bounded on [t 0 , ∞) for any essentially bounded on [t 0 , ∞) function f . Then equation (1.1) is uniformly exponentially stable.
In Lemma 1 we can consider boundedness of solutions not for all essentially bounded on [t 0 , ∞) functions f but only for essentially bounded on [t 0 + δ, ∞) functions f that vanish on [t 0 , t 0 + δ) for any fixed δ > 0, see [5] . We further use this fact in the paper without an additional reference.
Denote by X 0 (t, s) the fundamental function of the equation with a single delaẏ
Finally, the properties of the operator S are outlined in the following lemma.
, and the operator norm satisfies
3. Explicit Stability Conditions Theorem 1. Assume that for t ≥ t 0 at least one of the following conditions holds:
Then equation (1.1) is uniformly exponentially stable.
Proof. Applying (I − S) −1 to (2.3), using (2.5) on J instead of [t 0 , ∞) and (a2), we get
3) is equivalent to the equation with an infinite number of delaysẋ
where f 1 (t) = ((I − S) −1 f )(t) and f 1 [t0,∞) < ∞. Since x(t) = 0 for t ≤ t 0 , we can assume that b(t) = b 0 , t ≤ t 0 . Denote
By Lemma 4, using the bounds for a and b, we obtain
. Equation (3.2) can be rewritten in the forṁ
Hence for t ∈ J,
where the constant M 2 does not depend on J, and the last inequality is due to (3.1).
By Lemma 2, the solution of problem (2.3) satisfies |x|
M 3 is a constant not dependent on J.
Condition a) of the theorem implies
for some constant M which does not depend on J. By Lemma 1, equation (1.1) is uniformly exponentially stable. Next, assume that the conditions in b) hold. Consider the following delay equatioṅ
Since B(t) ≥ b 0 and B(t)(1 − A 0 ) B 0 e ≤ 1 e , by Lemma 3 equation (3.3) is exponentially stable, and its fundamental function is positive: X 0 (t, s) > 0, t ≥ s ≥ t 0 . We have
Problem (2.3) is equivalent to (3.2) which has a solution
where f 3 (t) = X 0 (t, s)f 1 (s)ds, and f 3 [t0,∞) < ∞, since (3.3) is exponentially stable. By the same calculations as in a) we have
where M 4 does not depend on the interval J.
By the second condition in b), we have τ
Hence |x(t)| ≤ M for t ≥ t 0 for some constant M which does not depend on I. By Lemma 1, equation (1.1) is exponentially stable.
Consider now two partial cases of equation (1.1), one with constant coefficientṡ
where a, b are positive constants, and another with a non-delayed terṁ 4) is uniformly exponentially stable.
is uniformly exponentially stable.
Examples and Applications
First, we illustrate the results obtained in the paper with examples.
Example 1. Equation (3.4) with g(t) ≡ t and variable h(t), by Corollary 1, is uniformly exponentially 
and its particular case with a constant delaẏ
We compare Theorem 1 with applicable results obtained in [16] . For both (4.1) and (4. 
is satisfied for r < r 1 ≈ 0.14118, while the second sufficient inequality from [16] lim sup
holds for r < r 2 ≈ 0.415025. Note that in this case Theorem 1 gives a sharper estimate ≈ 0.420347 for r; in addition, it provides a sufficient exponential stability condition for (4.1), while [16] for (4.2) only. To the best of our knowledge, other known conditions are also not applicable to (4.1).
Next, let us apply the results of Theorem 1 to logistic neutral equations (1.2) and (1.3), where ρ > 0, K > 0, t − h(t) ≤ τ , t − g(t) ≤ τ , 0 < r 0 ≤ r(t) ≤ R 0 , r 0 ρ ≤ R 0 ρ < 1, r, g and h are measurable functions. Equation (1.3) was studied in [9, 13, 17] . Note that the inequalities 2r 0 |ρ|(2 − r 0 |ρ|) < 3 2 and r 0 ρ < 1 imply r 0 |ρ| < 0.5.
then the positive equilibrium K of equation (1.2) is locally asymptotically stable.
Proof. Substituting x = y − K in (1.2) leads toẏ(t) = − r(t) K (y(t) + K) [y(h(t)) − ρẏ(g(t))] , its linearization about the zero equilibrium isż(t) = −r(t) [z(h(t)) − ρż(g(t))]. Applying Theorem 1 with a 0 = r 0 , A 0 = R 0 , b 0 = r 0 ρ, B 0 = R 0 ρ, we deduce that the linearization is exponentially stable, and thus K is locally asymptotically stable.
Remark 1. The fact that exponential stability of the linearized equation implies local (and in some cases even global, see [6] and references therein) asymptotic stability of a nonlinear scalar equation was applied to conclude the proof of Theorem 2. Compared to Proposition 1, Theorem 2 is applicable to non-autonomous equations with different delays.
Also, for r 0 = 0.2, ρ = 4 and any 0 ≤ τ < 0.8 1 + 1 e , Theorem 2 establishes local asymptotic stability of (1.3), while for these r 0 and ρ, Proposition 1 fails for any τ .
